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In this note W. Schempp’s definition of Lototsky-Schnabl operators 
[7, p. 2041 is generalized to the setting of an arbitrary compact convex 
subset of a locally convex space by the use of representing measures (cf. 
[4, p. 451). It is shown that his approximation theorem remains valid in this 
setting and can be formulated in such a way that Theorem 2 in [4] is a special 
case. 
As an application of the generalized approximation theorem, approxima- 
tions to continuous functions on polytopes in RP are obtained relative to a 
sequence of triangulations. The case of identically one ray functions yield 
piecewise polynomial approximations. Explicit descriptions of these splinelike 
approximations are given for [0, l] relative to subdividing successively into K 
equal parts. 
The author is grateful to W. Schempp for informing him of [7] and raising 
the question of the relationship of Theorem 2 in [4] to Satz 1 in [7]. 
The reader is referred to [4] and [7] f or unexplained terminology and 
notation. 
1. A GENERALIZED SCHEMPP THEOREM 
Besides the setting of an arbitrary compact convex set, the definition below 
has the following additional features: the notion of a selection of sequences of 
representing measures; the use of an arbitrary family of elements of K, and 
no continuity requirements on the ray functions P,, . 
DEFINITION. Let R be a compact convex subset of a locally convex 
Hausdorfi space, “11 = {IL,,,},,~,,Q~ a selection of sequences of representing 
measures (i.e., the barycenter of pr,n = .r for all X, n), nJ = {y5}X:EK a family 
of elements of K, P = {p,i}n>l,j>l an infinite lower triangular stochastic 
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matrix and p = (p,},>, a sequence of functions mapping K into [0, l] 
(pn need not be continuous). Define 
If F E C(K), then the nth Lototsky-Schnabl function of F with respect to the 
matrix P, the selection 4Y(, the family JY and the sequence p is given by: 
Lt;yp(F)(x) = iKFdg,,,,( @ P%,~,~) for each x in K. 
lQ(n 
Note. L:$. : C(K) -+ B(K) (all bounded real functions on K). 
THEOREM. If lim,,, Cj>iptJj = 0 and lim,,, Ij on,P - 1 /I = 0, then 
lim,,, /I L$Tp (F) -F 11 = 0 for each F in C(K). 
Proof. The proof proceeds exactly as in the proof of Satz 1 in [7] (cf. also 
[4, Theorem 21) applying a generalized form of the Bohman-Korovkin 
theorem (see [4, Theorem 1 ;l 1, Proposition 2.9; 8, Theorem 21) to the 
family -4(K). The expression for L$oT(f2), where f E A(K), is: 
eYP(fZ) (4 
= [LZb(f )I” 64 + [f’(YA - 2f(x)f b5c)1~1,&) 
+ x PEjPAx) k.j,n(f “) - [f “(Lx) + f ‘7Y.r) - 2f(“y)f (YJI T2.n(x)* 
@l 
Since 1 pz,i,n(f2)j < jl f a 11, it still follows that lim,,, // L:oyp(f “) - f 2 II = 0. 
Remarks. I f  one takes prsn = TV? for all X, rz and p = {l}n>i , then 
Theorem 2 in [4] is obtained. The case where p = (I}nai (Bernstein-Schnabl 
functions with respect to a selection of sequences of representing measures) 
can also be verified directly from the proof of Theorem 2 in [4]. The applica- 
tion of the above theorem to [0, l] that appears in Section 2 requires only 
the latter formulation. 
1 The statement and proof of Theorem 1 in [4] remain valid if (L,} is taken to be a 
sequence of positive linear maps of C(X) into B(X)-the bounded real functions on X. 
(Theorem 1 in this form also follows from [I, Proposition 2.91.) The proof of Theorem 2 
in [4] as well as the above proof require the B(X) formulation. 
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The following proposition gives sufficient conditions for continuity of the 
Lototsky-Schnabl functions of F. 
PROPOSITION (Compare [7, pp. 202, 2031). Suppose in the abooe deJinition 
the following hold: for every n, the selection of representing measures x + px,n 
is weak*-continuous; for every n, pn is continuous; and the map x + yx is 
continuous on K. Then for every n, the nth Lototsky-Schnabl function of F is 
continuous on K. 
Proof. Fix n and F E C(K). By the definition of P,,~,, and our assumptions, 
the map x - P~A.~ is weak*-continuous for every j. Thereby, the map 
X + {Pz.i,oIl<j<n E Jf+YK)n (M+l d enotes the space of probability measures) 
is continuous where M+l(K)” has the n-fold product of the weak*-topology 
and it follows then from [2, Proposition 4, p. 951 that the map N + 
glsjGn P,,~,~ E M+l(K”) is weak*-continuous. Consequently, the map 
x-&F 0 vn,pd @lc.iGn pLr,i,p is continuous on K. 
2. APPROXIMATION ON POLYTOPES 
The use of triangulations in this section is motivated, in part, by the 
following basic observation. The nth Bernstein polynomial (in the classical 
sense) of a continuous function F on an arbitrary simplex in RP (p a positive 
integer) can be viewed as the nth Bernstein-Schnabl function of F [4, p. 451 
with respect to the selection of representing measures determined by bary- 
centric coordinates and the Toeplitz matrix P with pnj = l/n for n > 1, 
1 < j < n and 0 otherwise (we call this matrix the arithmetic mean Toeplitz 
matrix). 
By a polytope in R” we mean a subspace of Rp that is the convex hull of a 
finite number of points or equivalently, a bounded subspace that is the 
intersection of a finite number of closed half-spaces (e.g., [5]). 
If K is a polytope in RP and {K,} is a sequence of triangulations of K (we 
take the simplexes in a triangulation to be closed), then {K,) in a natural way 
induces a selection of sequences of representing measures for the points of K. 
Namely, for x E K and n, define pxmn to be the discrete probability measure 
determined by the barycentric coordinates of x with respect to S,,, where 
S,,, denotes the unique simplex of K,, for which x is an interior point (if x is a 
vertex of K,, , then pZ,n is taken to be the Dirac measure at x). For each n, the 
map x + pr,R is weak*-continuous since it is equivalent to saying that if we 
piece together the first Bernstein polynomials of the restrictions of an F in 
C(K) to each d-simplex in K, where d is the dimension of K, then the 
resulting function is continuous on K (see below). In particular, if K is 
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provided with a triangulation, then we can choose for {K,} the sequence 
W%>l of successive barycentric subdivisions of K where K1 = K. 
COROLLARY 1. The approximation theorem in Section 1 is applicable to a 
pobtope equipped with a sequence of triangulations where (tcz,J is defined as 
above and if the ray functions pn and the map x +yz are continuous, then 
the Lototsky-Schnabl operators L, map C(K) into C(K). 
For example, if we take K to be the standard p-simplex, 
K, = ((Xl ,..., s,) E z?u ( x1 2 0 ,..., xp >, 0, x1 + *.. + x, .< I>, 
VW+1 the sequence of successive barycentric subdivisions, p = (l>+r and 
P any lower triangular stochastic matrix with lim,,, &rpftj = 0, then 
for a given FE C(K,) the nth (n 3 1) Bernstein-Schnabl (Bernstein since 
pn = 1 for all n) function of F is a piecewise polynomial approximation to 
F (the same holds in the above corollary when p = (l>n>I); for it is continuous 
on K, and a polynomial in p variables on each p-simplex in K,‘“. We note 
that this spline type of approximation (choosing P to be the arithmetic 
mean Toeplitz matrix) is generally distinct from that obtained by piecing 
together the nth Bernstein polynomials of the restrictions of F to each p- 
simplex in Kpn (see the remarks after Corollary 2 below). 
The process of piecing together the nth Bernstein polynomials (n fixed) of 
the restrictions of an F in C(K) to the d-simplexes in a triangulation of the 
d-dimensional polytope K can be viewed in a global way. The function so 
obtained is just the nth Bernstein-Schnabl function of F on K (see [4, p. 451) 
with respect to the arithmetic mean Toeplitz matrix and the selection of 
representing measures induced by the given triangulation. The continuity 
of this function follows from the fact that it is well defined (if two d-simplexes 
in K intersect, then the nth Bernstein polynomials on each agree on the 
intersection for they depend there only on F restricted to the intersection) or, 
taking the global viewpoint, from the proposition in Section 1 with pLE,n = pz 
for all X, n and p = {l}n,\l . 
I f  we apply the previous discussion concerning K, to [0, I], then for 
F E CIO, I] we obtain splinelike approximations (piecewise polynomials) which 
can be expressed in terms of the binary digit functions or the Rademacher 
functions. For each k we can, of course, also consider the sequence of 
triangulations of [0, I] obtained by successively dividing each subinterval 
into k equal parts. The following corollary, a particular case of Corollary 1, 
inchrdes a description of the corresponding nth Bernstein-Schnabl function 
of an F in C[O, I] in terms of the k-ary digit functions. For .v E [0, 1) let 
S,,(X) (k 3 2, i > 1) denote the ith entry in the k-ary expansion of x with 
the usual convention for terminating expansions and let 6,,(l) = k - 1 for 
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all k > 2, i 3 1. For notational convenience, define the functions CJ~~~ on 
[0, l] (k >, 2, i 3 0) as follows: 4 k0 = 0, +kl = ekl , 4k2 = @kl f ek2 and 
generally, & = ki-V,, + kie2B,, + ... + eki . We have then (see the 
remarks after the approximation theorem in Section 1): 
COROLLARY 2. Fix k an integer 3 2, P = {p,j}n~l,j>l an infinite lower 
triangular stochastic matrix that satisfies lim,,, & pij = 0 and F E C[O, 11. 
For each n >, 1 and x E [0, 11, define 
B,(F) (x) = 101(x, i. , j, ,... , i,-, , j,-J p(x, i. , j. ,..., in-, 9 jn-1) 
where the sum is taken over all 2n-tuples (i, , j. ,..., inel, j,-,) of zeros and 
ones such that i, + jS = 1 for 0 6 s < n - 1 and where 
+, i. , j. ,..., in-, ,L) 
= F Pm(ho(+ (d’kO@) + 1)“’ + Pn, 
b#kdx))” (#‘7&) + l)” + . . . 
k 
1 9 
rS(x, i, ,jo ,..., in-, ,j,-d 
= (1 - .+ .&#&z) + 1 - kx)” (kx - ~&))” ... 
Then for every n, B,(F) is continuous on [0, 1] and lim,,, 11 B,(F)--F /I = 0. 
Remarks. In the above expression for B,(F)(x), if x f 1, then the interval 
[&Jx)/ki, (c$~~(x) + l)/ki] is the half-open interval that contains x at the ith 
stage (i > 0) and the corresponding pair {$ki(x) + 1 - kix, kix -&+(x)} 
give the barycentric coordinates of x with respect to the latter interval. Note 
that (as must be the case) if &i(x),..., @,-i(x) are held fixed, then B,(F) is a 
polynomial on the interval[~,(,_,,(r)/k”-‘,(~,c,_,)(x) + l)/kn-l].The piecewise 
polynomials B,(F) are not in general differentiable at the nodes (the division 
points). For example, if we take k = 2, P the arithmetic mean Toeplitz 
matrix and F(x) = x3, then B,(F)(x) = (18/32)x* -+ (5/32).rc on [0, $1 and 
B,(F)(x) = (30/32)x” + (5/32)x - (3/32) on [i, 11. The second Bernstein 
polynomial for the restriction of x3 to [0, +] is (12/32) x2 + (2/32)x and for the 
restriction of .y3 to [+, I] is (36/32)x” + (2/32)x - (6/32). 
Note added in proof. Felbecker’s definition of generalized Stancu-Miihlbach 
operators can similarly be formulated for an arbitrary compact convex set u-ith respect 
to a selection of sequences of representing measures. In particular, his convergence 
theorem remains valid in this setting. See Satz 3.4.1 in [Felbecker, G., Approximation 
530 MARVIN W. GROSSMAN 
und Interpolation auf Raumen Radonscher Wahrscheinlichkeitsmasse, Dissertation, 
Ruhr-Universitiit Bochum 19721 and [Felbecker, G., Uber Verallgemeinerte Stancu- 
Miihlbach-Operatoren, Z. Angew. Math. Mach. 53, Sonderheft, Tl88-T189 (1973)]. 
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